We employ four-component relativistic equation-of-motion coupled-cluster methods to calculate the single ionization potentials (IPs) and double ionization potentials (DIPs) of the He and Be isoelectronic sequences up to Ne. The obtained DIP results are compared with those from another calculation based on the intermediate-energy R-matrix method (IERM) reported in [Phys. Rev. A. 88, 053413 (2013)] and with the National Institute of Standards and Technology (NIST) database. Our results show better agreement with the NIST values than those from the IERM method for the DIPs. Moreover, we investigate the dependence of the IPs and DIPs of these ions on the ionic charge and observe that they follow parabolic trends. Comparison between the trends of the IPs and DIPs in both the classes of systems are categorically demonstrated.
I. INTRODUCTION
There have been significant advances in the experimental techniques in the recent years like timeof-flight photoelectron-photoelectron coincidence (TOF-PEPECO) spectroscopy [1, 2] which enables today to carry out high precision measurements of multiionization processes stimulated by single photons from synchrotron sources. Sources like X-ray free electron laser of Linac Coherent Light sources of SLAC [3, 4] are capable of producing sequential and direct multiphotonmultielectron interactions. A single photon having sufficient energy may eject two electrons to the continuum orbitals which can be treated as a topological three-body quantal problem. In fact, such phenomenon can also be observed using traditional synchrotron radiation mechanism. Theoretical problems associated in these studies involve explaining simultaneous double ionization processes [5] , which are technically different than the sequential ionization mechanism. The correlated electron emissions in the non-sequential double ionization processes can be traced using attosecond pulses in an atomic system. Proper understanding of these mechanisms require a suitable theory that could address the multielectron dynamics adequately, thus is a contemporary challenging problem to the quantum many-body physicists [6] . Mutual interactions between the electrons play the major role in the proper understanding of these processes. Adequate theoretical methods accounting for both the relativistic and electron correlation effects in the simultaneous double ionization methods are sparse due to difficulties in handling the computational procedures.
The multiply charged ions are of significant interest in diverse areas of physics, starting from the X-ray space astronomy, plasma physics to laser physics [7, 8] . In a re- * h.pathak@ncl.res.in cent work [9] , it has been demonstrated that the highly charged ions of C, N, O and Ne are the constituents of warm-hot intergalactic medium and are distributed mainly between their He and H like species. These highly charged ions have significance in determining the mass of missing baryons [10, 11] .
The wave function constructed using a non-relativistic theory is not adequate for the accurate description of the energy spectrum of multiply charged atomic ions, and a relativistic description is imperative in this case [12] . Also, accurate description of the relaxation effects along with the electron correlation effects are essential for explaining multiple ionization processes precisely. Therefore, calculations based on the lower order many-body theories are not reliable enough and may not be able to complement to describe the quality of results that are anticipated from the on-going sophisticated experiments [13] . In this point of view, a fully four-component relativistic method in the equation-of-motion coupled-cluster (EOMCC) framework [14] [15] [16] can meet these requirements as it has the potential to treat different many-body effects in a balanced manner and calculates the energy differences directly. The key features of the EOMCC method is that its reference wave function is obtained using the coupled-cluster (CC) method, which in principle can take care of the dynamical parts of the correlations while the non-dynamic counterparts are incorporated through the diagonalization of matrix elements of an effective Hamiltonian in the configuration interaction space [17] [18] [19] [20] [21] [22] [23] . Furthermore, the EOMCC method is free from the intruder state problem which is associated with the Fock space multi-reference theory [24] [25] [26] [27] [28] . This method scales properly at the non-interacting limit and does not satisfy the requirement of linkedness rigorously ensuring the size extensivity [29] . Another important feature is, it directly gives the eigenstates in contrast to the propagator method approaches [30, 31] although they also have equation-of-motion structure.
In this work, we employ our recently developed fully [33] . The manuscript is organized as follows: A brief discussion on the relativistic method to generate the basis is presented in Sec. II. This is followed by a description of the EOMCC theory in the context of evaluation of IPs and DIPs in Sec. III. We present the results and discuss about them in Sec. IV before making our final remarks in Sec. V. Atomic units (au) is used consistently unless stated otherwise.
II. GENERATION OF BASIS AND NUCLEAR POTENTIAL
We use the Dirac-Coulomb (DC) Hamiltonian in our calculations which, after scaling with the rest mass energy of the electrons (c 2 ), is given by
where α i and β i are the Dirac matrices, V nuc (r i ) is the nuclear potential and 1 rij is the electron-electron repulsion potential.
The four-component wave function is given by,
with P (r) and Q(r) are the large and small components of the wave function and χ ±κ,m (θ, φ) are the angular functions of the relativistic quantum number κ = −(j +   1 2 )a satisfying the condition for the orbital angular momentum l = j − a 2 and total angular momentum j. Linear combination of Gaussian type of orbitals (GTOs) is used to obtain the DF single particle orbitals |φ n,κ (r) as
where n is the principal quantum number of the orbital, C n,κ s are the expansion coefficients, N L(S) is the normalization constant for the large (small) component of the wave function and α ν is a suitably chosen parameter for orbitals of different angular momentum symmetries and f ν (r) = r l e −αν r 2 is a GTO. The even tempering condition α ν = α 0 β ν−1 with two parameters α 0 and β used for the exponents. The small component and large component of the wave function are related through the kinetic balance condition. The two parameter Fermi-charge distribution
with the normalization factor ρ 0 , the half-charge radius b and a = 2.3/4(ln3) is related to the skin thickness of the atomic nucleus, is considered for the evaluation of the nuclear potential.
After obtaining the single particle orbitals, we calculate the matrix element of the Coulomb interaction op- erator using the expression
with the multipole k determined by the triangular con-
The angular momentum factor X k is given by
III. BRIEF DESCRIPTION OF THE EOMCC THEORY
In the EOMCC approach, the wave function for the k th target state is created by the action of a linear operator (Ω k ) on the single reference CC wave function |Ψ 0 = exp(T )|Φ 0 . i.e.
where |Φ 0 is a reference determinant which is taken as the Dirac-Fock (DF) wave function in the present case 
in terms of strings of creation and annihilation operators for the holes (denoted by indices i, j, · · · ) and particles (denoted by indices (a, b, · · · ) for total number of electrons of a system N . We start with the energy eigenvalue equation
By operating on both the sides of the equations with exp(−T ) from the left-hand side and considering Ω k and T commute each other owing to the fact that they are made up of strings of same quasi-particle creation and annihilation operators, we get
forH ≡ exp(−T )Ĥ exp(T ). The above equation is projected onto the basis of excited determinants those are accessible by the action of Ω k on |Φ 0 . To simplify the notations, we denote the IP evaluating EOMCC operators as
whereas for DIP evaluation, we define
We project on to the set of excited determinants (|Φ i ) and (|Φ a ij ) representing the one-hole (1h) and two-holeone-particle (2h-1p) determinants, respectively, for the evaluation of the R 1 and R 2 amplitudes as 
Similarly, we project |Φ ij and |Φ a ijk representing the two-hole (2h) and three-hole-one-particle (3h-1p) determinants, respectively, to determine the S 1 and S 2 amplitudes as
and
It has to be noted that the 3h-1p excitations for the Helike systems are absent, hence only the 2h projections are made in this case after performing the CC calculations. All these equations are expressed in the matrix form asH
to solve for the eigenvalues ∆E k = E k − E 0 , the energy difference between the |Ψ 0 state (E 0 ) and the ionized |Ψ k state E k , and their corresponding eigenvectors by using the normal order Hamiltonian (H N ). The Davidson algorithm [34] , which is an iterative diagonalization scheme, is implemented to diagonalize the non-hermitian matrix elements of the effective HamiltonianH N .
IV. RESULTS AND DISCUSSIONS
Here, we present and discuss about our numerical results of the calculated IPs and DIPs using the above discussed four-component relativistic EOMCC methods for the He-like and Be-like systems considering atoms up to Ne. To carry out these calculations, we construct the single particle orbitals in the universal basis (UB) method using GTOs with α 0 = 0.004 and β = 2.23 for all the considered systems. For each of the atomic system, we use 40, 39, 38, 37 and 36 number of GTOs for the s, p, d, f and g symmetry waves at the DF method to obtain the self-consistent field (SCF) solutions for the orbitals. For the EOMCC calculations, we only correlate electrons belonging to the low-lying orbitals up to 16s, 14p, 13d, 11f and 10g by justifying that the high-lying orbitals are weakly correlating and contribute insignificantly in the calculations of IPs and DIPs owing to their large energy values. In Table I , we present the SCF energies (E 0 DF ) and correlation energies calculated at the the second order perturbation theory approximation (E 2 corr ) and from the CC method considering only the singles and doubles excitations, which is referred as CCSD method in the literature, (E ccsd corr ). In Table II , we present IPs of the He-like systems starting from He to Ne. In the same table, we also compare our results with the values listed in the NIST database [32] and the deviations of our results from the NIST values are given in percentage as δ. Small δ values imply that our results are in excellent agreement with the NIST values. It is observed from this table that with increase in the atomic charge, the deviation increases except for He for which it comparatively shows large discrepancy. We attribute the reason for same as orbitals of the ions are more contracted towards the nucleus than He. Again, increase in discrepancies in ions with higher Z values indicate that contributions from the neglected Breit interaction and quantum electrodynamic (QED) corrections are important to be considered to improve accuracies in these results. Similarly, we present DIPs of the He-like ions in Table III and compare them with the calculations available using IERM method [33] and with the data available in the NIST database [32] . Deviations of our results from NIST are given as δ in percentage in the same table. This comparison shows that our calculations are more accurate than the IERM method.
In order to assess the trends followed by our results with the ionic charge (q) of the considered atomic systems, we plot the calculated IPs and DIPs of the He-like systems as a function of q in Fig. 1 . We found that both the IPs and DIPs follow the standard quadratic equations (aq 2 + bq + c for the arbitrary parameters a, b and c). It is found that for DIPs of He-like ions, it satisfies the relationship 27q 2 + 92q + 79 while for the IPs it obeys 14q
2 + 37q + 25 equation. The reason for large a coefficient for DIPs may be owing to large kinetic energies of the electrons in the doubly ionized systems than the singly ionized systems. Presence of linear terms in q with different magnitudes of b coefficient for IPs and DIPs correspond to the role of the Coulomb interactions. The larger ratios of b/a and c/b in DIPs imply dominant role by the kinetic energies than the Coulomb interactions in the evaluation of DIPs in the heavier ions.
In Table IV , we tabulate the IP values for both the 1s and 2s orbitals of the considered Be-like ions. The results of the 2s orbitals are compared with the NIST values and the deviations, given in percentage as δ, from the NIST values are found to be very small. The DIP values are given in Table V and are compared with the NIST data and with the values obtained using the IERM method. As can be seen, we have achieved accuracies of less than ∼ 0.01% for all the Be-like systems. For Ne 6+ , the absolute value differs by 0.04 eV and for the rest it is only about 0.01 eV.
In Fig. 2 , when we plot the IP values of the inner 1s electron of Be-like ions against their qs and find also a parabolic behavior with a coefficient having same value as of the plot for the IPs of the He-like ions. However, since the Coulomb potentials are larger in the Be-like systems its b coefficient found to be larger. In the same figure, we also give plot for IPs of the outer 2s electrons from the respective Be-like systems and find again a parabolic trend but with much smaller a, b and c coefficients. This may be due to the the fact that the outer 2s electrons are loosely bound with their nucleus. Similarly, we plot the DIPs of Be-like systems for both the 1s and 2s orbital electrons in Fig. 3 . We see like-wise plots with Fig. 2 and find for the 1s orbital electrons it follows the relationship 27q 2 +180q+310 while for the 2s orbital electrons it obeys 6.8q 2 + 29q + 28 relation with their ionic charges. These coefficients are almost twice than that of their correspond IPs. Again, when we compare trends of DIPs of the 1s orbital electrons of Be-like ions with the He-like ions, we find the corresponding a coefficient is same but the b coefficient value is large.
From the excellent agreement of our calculated IPs and DIPs of He-like systems with the corresponding NIST database, we can say that we are able to account the relativistic effects within reasonable accuracy while from the Be-like systems it can be justified that the electron correlation and the orbital relaxation effects are accounted for suitably using our EOMCC methods.
V. CONCLUSION
We have applied recently developed four-component EOMCC methods to evaluate IPs and DIPs of the He-like and Be-like isoelectronic sequences up to Ne. Comparison between our results with the NIST database and with another calculation based on the IERM method shows that EOMCC results are in very good agreement with the NIST data. It has been demonstrated that both IPs and DIPs in He-like and Be-like isoelectronic sequences follow parabolic trends and the magnitudes of the coefficients of the parabolas can be attributed to the role of the kinetic energies and Coulomb interactions of the systems. These coefficients for the 1s orbital electrons are almost twice compared to the 2s orbital electrons in the Be-like systems. Excellent agreement of our calculated results with the NIST values implies that our EOMCC method is capable of accounting for both the relativistic and electron correlation effects accurately, but slight deviations in the results for heavier ions imply that inclusion of higher order relativistic corrections are required to improve accuracies for those values.
